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Abstract
In this paper, we report a novel approach for studying the effect of optimal uncoupling on the
stability of synchronization in coupled chaotic systems. The clipping of phase space of the driven
system having an orientation along the coordinate axes revealing the nature of coupling of the
state variables of coupled systems is identified in certain coupled third-order chaotic systems. The
stability of synchronization is studied through the Master Stability Function (MSF). The optimal
directions of implementing the clipping width to achieve stable synchronization is observed by
studying the effectiveness of clipping fraction and the sufficient range of orientation to identify
the optimal directions is reported. The variation of MSF with orientation along the reference
co-ordinate axis and clipping width is presented. The stability of synchronization for different
orientations of clipping widths and the two-parameter bifurcation diagram indicating the negative
valued MSF regions obtained for the optimal direction of clipping width are presented. The appli-
cation of the method of optimal uncoupling in identifying the direction of implication of clipping
width is discussed and the range of orientation over which the clipping width has to be varied is
generalized.
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I. INTRODUCTION
The dynamical process of synchronization in coupled chaotic systems has greatly influ-
enced researchers because of the sensitive dependence of chaos on initial conditions [1, 2].
The high complexity and unpredictability prevailing in the dynamics of chaotic systems re-
quires a complete understanding on the synchronization dynamics of coupled systems as it
has potential applications in secure transmission of information signals [3–7]. Several higher
and low-dimensional chaotic systems have been studied for synchronization and numerous
electronic circuit systems have been analyzed for the application of chaos synchronization
to secure communication [4, 6, 8–13]. The important requirement for signal transmission by
chaos synchronization is that the coupled systems must exist in stable synchronized states
over greater values of coupling strength. The existence of coupled chaotic systems in sta-
ble synchronized states is observed through the evaluation of the Master Stability Function
(MSF) [14] and the negative valued regions of MSF becomes a necessary condition for occur-
rence of synchronization. Recently, induced synchronization has been observed in coupled
chaotic systems by Schro¨der et al. using the method of transient uncoupling [15]. This
method induces synchronization in coupled systems and enhances the stability of synchro-
nization to greater values of coupling strength [16–18]. Further, the effect of the size of the
chaotic attractors with different Lyapunov dimension in enhancing synchronization stability
is studied [19]. However, the direction dependence of the method transient uncoupling in
clipping the phase space of chaotic attractors of the response system in a drive-response
scenario is yet to be studied. This paper introduces a new approach to study the direction
dependence of transient uncoupling i.e., optimal uncoupling and for the identification of
optimal directions of implementing clipping widths to achieve greater stable synchroniza-
tion in coupled chaotic systems. The following are discussed in this article. The method
of transient and optimal uncoupling are briefly discussed in Section II and in Section III,
the implementation of the method of optimal uncoupling in enhancing synchronization in
coupled chaotic systems is presented.
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II. TRANSIENT AND OPTIMAL UNCOUPLING
The method of transient uncoupling involves the clipping of phase space of the response
system over the coordinate axis through the drive and response systems are unidirectionally
coupled. The state equations of a d-dimensional chaotic system subjected to transient
uncoupling driven by an identical chaotic drive system can be written as
x˙2 = F(x2) + ǫχA(x2)G× (x1 − x2) (1)
where, ǫ, χA represent the coupling strength and transient uncoupling factor and G is the
coupling matrix. The terms x1,x2 represents the state vectors of the drive and response
systems and the transient uncoupling factor χA representing the region of phase space A
where, A ⊆ Rd, is written as
χA =


1 if x2 ∈ A
0 if x2 /∈ A
(2)
The phase space of the response system is clipped normal to the axis of the coordinate
variable (x2)i where, i = 1, 2, ...d, that couples the drive and response systems with respect
to a point (x∗
2
)i to a width ∆. The clipped region of phase space is given as
A∆ = {x2 ∈ R
d : |(x2)i − (x
∗
2
)i| ≤ ∆} (3)
However, the clipping of phase space of the response system has not to be always restricted
to any one of the coordinate axis and it can have orientations (θ) with respect to the
coordinate axes. The method of finding the optimal direction (θ∗) of applying clipping
width to obtain stable synchronization leads to the evaluation of the effectiveness of clipping
fraction for which synchronization is observed in the coupled systems for a fixed value of
coupling strength [15] and is given as
S(θ) =
∫
1
0
s(f, θ)df, (4)
where, the synchrony indicator s(f, θ) is
s(f, θ) =


1 if λ⊥max < 0
0 if λ⊥max ≥ 0
(5)
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with f being the temporal clipping fraction given as
f = lim
T→∞
1
T
∫ T
0
χA(x2(t))dt, (6)
The master stability function being the largest transverse Lyapunov exponent λ⊥max is ob-
tained to identify the stability of synchronized states in coupled chaotic systems [14, 20].
III. RESULTS AND DISCUSSION
We present in this section, the effect of optimal uncoupling in enhancing the stability of
synchronized states and explain the novel approach in identifying the optimal directions for
applying the clipping widths. The orientation of the clipping width (θ) in the phase space
of the response system is considered to vary in the anticlockwise direction with respect to
the x or z-axis of the corresponding attractor discussed. The clipping width ∆ oriented at
an angle θ radians, has components along both the coordinate axis. Hence, the region of
phase space clipped must include clipping along both the axis which indirectly implies that
both of the state variables representing the attractor in the phase space must be coupled
to the respective variables of the drive system. The Ro¨ssler and the Chua’s circuit systems
are studied in this paper using this new approach to identify the optimal directions of
implementing clipping widths.
A. Ro¨ssler system
The state equations of coupled Ro¨ssler systems [21] with the clipping of phase space
along a particular direction can be written as
x˙1 = y1 − z1, (7a)
y˙1 = x1 + ay1, (7b)
z˙1 = b+ (x1 − c)z1, (7c)
x˙2 = y2 − z2 + ǫχA(x1 − x2), (7d)
y˙2 = x2 + ay2 + ǫχA(y1 − y2), (7e)
z˙2 = b+ (x2 − c)z2, (7f)
where x1,2, y1,2, z1,2 represents the state variables of the drive and response systems. Con-
sidering the deviation of the attractor along the z-axis is minimum [15], the synchronization
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stability of the coupled Ro¨ssler systems corresponding to the orientation of the clipping
widths in the x − y plane can be explored. Hence, an orientation of the clipping width
in the x − y plane must have its components along the corresponding coordinates axes
leading to the coupling of the systems through the x and y state variables. Eqs. 11(e)
and 11(f) indicates that for clipping widths oriented with respect to the coordinate axes
of the state space vectors (x and y) i.e., for θ 6= 0, π and θ 6= π/2, 3π/2, the systems are
unidirectionally coupled both by the x and y variables by the factor ǫχA. For clipping
widths with orientations given by θ = 0, π or θ = π/2, 3π/2, the systems are coupled
through the state variables x or y, respectively.
Figure 1 shows the implementation of the above said method of the orientation of clipping
width in the phase space of the response system along a particular direction θ. The point
O(x∗, y∗) is the center of the chaotic attractor and clipping of phase space is performed to
a width of ∆ on both sides of the center leading to a total width of 2∆. The component of
the clipping width ∆ along the x and y axes are represented as ∆x and ∆y. The intersection
of the components ∆x and ∆y on both sides of the coordinate axes gives rise to a region of
phase space 2∆x.2∆y of the response system, as indicated by the red colored dotted box
in Fig. 1, within which the coupling of the systems is valid. This region of phase space
varies with the clipping width (∆) and its orientation (θ) along the x-coordinate axis. For
θ = 0 and θ = π, the coupling between the systems is only through the x-variable and
for θ = π/2 and θ = 3π/2, the coupling is only through the y-variable. The fraction of
phase space clipped along any orientation from the x-axis is given by the clipping fraction
∆
′
= 2∆x,y/Ωx,y where, Ωx and Ωy represent the width of the chaotic attractor along
the x and y axes, respectively. The chaotic attractor shown in Fig. 1 is obtained for
the system parameters a = 0.2, b = 0.2, c = 5.7 and has a Lyapunov dimension Ld = 2.0139.
The stability of synchronization of the coupled Ro¨ssler systems can be analyzed by ob-
serving the MSF to identify the optimal direction of implementing the clipping width with
respect to a particular coordinate axis. Fig. 2(a) shows the variation of MSF as functions
of the orientation of clipping width (θ) and the clipping fraction (∆
′
). The orientation of
clipping width is varied from 0 to π radians with respect to the x-coordinate axis of the
response system. The 3D plot shown in Fig. 2(a) shows the existence of certain range of
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optimal directions over which the coupled system confines to stable synchronized states.
Fig. 2(b) showing the variation of the effectiveness of clipping fraction S(θ) as a function of
the orientation angle θ in the range 0 ≤ θ ≤ π leads to some interesting results. Firstly, the
curve is symmetrical on both sides about the orientation angle θ = π/2. Hence, the clipping
width can be sufficiently varied through the angle 0 ≤ θ ≤ π/2 to study the effectiveness of
clipping orientation in coupled systems. Secondly, from Fig. 2(b), it can be observed that the
optimal direction θ∗ over which the effectiveness of clipping fraction is observed and greater
stable synchronized states is promised exists over a range of orientations of clipping widths.
For the Ro¨ssler system, the optimal directions for stable synchronization is observed in the
ranges 0.1667π ≤ θ∗ ≤ 0.3444π and 0.6556π ≤ θ∗ ≤ 0.8333π, respectively. Figure 3 shows
the variation of MSF (λ⊥max) with ∆
′
for different orientations of the clipping width for a
common value of the coupling strength ǫ = 10. Figure 3(a) and 3(b) showing the MSF vari-
ation with ∆
′
for θ = 0 (x-coupling) and θ = π/2 (y-coupling) indicates stable synchronized
states in the range of clipping fractions 0.1145 ≤ ∆
′
≤ 0.7739 and ∆
′
≥ 0.1023, respectively.
Figure 3(c) shows the variation of λ⊥max with ∆
′
for the optimal direction θ∗ = π/4 indicating
larger negative values of λ⊥max for the region ∆
′
≥ 0.163. The parameter regions in the ∆
′
−ǫ
plane indicating the negative valued regions of λ⊥max for the optimal direction θ
∗ = π/4 is
shown in Fig. 3(d). The method of optimal uncoupling presented above can be validated
through its application to another chaotic system namely, the Chua’s circuit system.
B. Chua’s circuit system
The dynamical equations of the Chua’s circuit system [4, 22, 23] with the drive and
response systems coupled through the y and z-variables can be written as
x˙1 = α(y1 − x1 + f(x1)), (8a)
y˙1 = x1 − y1 + z1, (8b)
z˙1 = −βy1 − γz1, (8c)
x˙2 = α(y2 − x2 + f(x2)), (8d)
y˙2 = x2 − y2 + z2 + ǫχA(y1 − y2), (8e)
z˙2 = −βy2 − γz2 + ǫχA(z1 − z2), (8f)
7
where f(x1), f(x2) represent the three-segmented piecewise-linear function of the drive and
response systems given as
f(x1,2) =


−bx1,2 + (a− b) if x1,2 > 1
−ax1,2 if |x1,2| < 1
−bx1,2 − (a− b) if x1,2 < −1
(9)
where x1,2, y1,2, z1,2 represents the state variables of the drive and response systems. Figure
4 shows the implementation of clipping width about a finite orientation θ about the z-axis
in the phase space of the response system. The point O(z∗, y∗) is the center of the chaotic
attractor and the clipping of phase space is performed to a width of ∆ on both sides of
the center leading to a total width of 2∆. The intersection of the components of clipping
width ∆z and ∆y on both sides of the coordinate axes gives rise to a region of phase
space 2∆z.2∆y of the response system, as indicated by the red colored dotted box in Fig.
4, within which the coupling strength is valid. The clipping fraction ∆
′
= 2∆z,y/Ωz,y
where, Ωz and Ωy represent the width of the chaotic attractor along the z and y axes,
respectively. The chaotic attractor shown in Fig. 4 is obtained for the system parameters
α = 10, β = 14.87, γ = 0, a = −1.55, b = −0.68 and has a Lyapunov dimension
Ld = 2.1192.
The stability of synchronization of the coupled Chua systems can be analyzed similar to
the Ro¨ssler system to identify the optimal directions of implementing the clipping width.
Fig. 5(a) shows the variation of MSF as functions of the orientation of clipping width (θ) and
the clipping fraction (∆
′
). Fig. 5(b) showing the variation of the effectiveness of clipping
fraction S(θ) with orientation θ in the range 0 ≤ θ ≤ π indicates optimal directions (θ∗) for
stable synchronization in the ranges 0.1667π ≤ θ∗ ≤ 0.3111π and 0.6889π ≤ θ∗ ≤ 0.8333π,
respectively. Further, the curve is symmetrical on both sides about the angle θ = π/2.
Hence, it is confirmed that optimal directions of clipping width can be obtained by studying
the effectiveness of clipping fraction over the range 0 ≤ θ ≤ π/2. Figure 6 shows the
variation of λ⊥max with ∆
′
for different orientations of the clipping width for the coupling
strength ǫ = 5. Figures 6(a) and 6(b) showing the MSF variation with ∆
′
for θ = 0
(z-coupling) and θ = π/2 (y-coupling) indicates stable synchronized states in the range
0.6766 ≤ ∆
′
≤ 0.931 and ∆
′
≥ 0.4468, respectively. Figure 6(c) shows the variation of
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λ⊥max with ∆
′
for the optimal direction θ∗ = π/4 indicating larger negative values of λ⊥max
for ∆
′
≥ 0.3295. The parameter regions in the ∆
′
− ǫ plane indicating the negative valued
regions of λ⊥max for the optimal direction θ
∗ = π/4 is shown in Fig. 6(d).
IV. CONCLUSION
We have reported in this paper, the implementation of a novel method in enhancing the
stability of synchronization observed in coupled chaotic systems through optimal uncoupling.
The orientation of the clipping width in the phase space of the attractor leads to the coupling
of the systems through both of the state variables representing the phase space of the
attractor. The optimal directions of implementing the clipping width to achieve stable
synchronization is observed over certain ranges of orientation. The method presented in
the paper reveals the sufficient directions of orientation that has to be studied to identify
the optimal directions which has been confirmed through studies of the Ro¨ssler and Chua’s
circuit systems. The present study leads to the implementation of the method of transient
uncoupling to enhance the synchronization stability in coupled chaotic systems over any
directions in the phase space of the attractors.
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FIG. 1: (Color Online) Ro¨ssler system: Clipping of phase-space of the chaotic attractors cor-
responding to the response system (cyan) along with the attractor of the drive (green) in the
x1,2 − y1,2 phase planes obtained for the parameters a = 0.2, b = 0.2, c = 5.7 and ǫ = 0. O(x
∗, y∗)
is the center of the chaotic attractor with (x∗, y∗) = (1.2,-1.5). Clipping is implemented along
a particular direction ’θ’ from the x−coordinate axis in the (x2 − y2) plane over a width of 2∆.
∆x = ∆cos(θ) and ∆y = ∆sin(θ) represent the components of the vector ∆ along the coordinate
axes. The coupling strength is active only over the region of phase space of the response system
within the red colored box indicating the intersection of the components ∆x and ∆y of the vector
∆ along the corresponding axis.
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FIG. 2: (Color Online) Ro¨ssler system: (a) 3D plot indicating the variation of λ⊥max with the
orientation of clipping width θ and clipping fraction ∆
′
; (b) Variation of the effectiveness of clipping
fraction S(θ) with orientation of clipping width θ indicating symmetry of the curve about the
angle θ = π/2. The optimal directions of clipping exists in the range 0.1667π ≤ θ∗ ≤ 0.3444π and
0.6556π ≤ θ∗ ≤ 0.8333π, respectively.
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FIG. 3: (Color Online) Ro¨ssler system: Variation of λ⊥max with clipping fraction (∆
′
) for different
orientations of the clipping width θ with the couping strength fixed at ǫ = 10. Variation of λ⊥max
with ∆
′
for (a) θ = 0 i.e. x-coupling, indicates stable synchronization in the range 0.1445 ≤ ∆
′
≤
0.7739; (b)θ = π/2 i.e. y-coupling, indicates stable synchronization for ∆
′
≥ 0.1023; (c) Optimal
direction of clipping width θ∗ = π/4 indicates stable synchronization for ∆
′
≥ 0.163; (d) Parameter
regions for stable synchronization (gray colored) in the ∆
′
− ǫ plane.
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FIG. 4: (Color Online) Chua’s circuit system: Clipping of phase-space of the chaotic attractors
corresponding to the response system (cyan) along with the attractor of the drive (green) in the
z1,2 − y1,2 phase planes for ǫ = 0. O(z
∗, y∗) is the center of the chaotic attractor with (z∗, y∗) = (-
0.116, -0.002). Clipping is implemented along a particular direction ’θ’ from the z−coordinate axis
in the (z2−y2) plane over a width of 2∆. ∆z = ∆ cosθ and ∆y = ∆ sinθ represent the components
of the vector ∆ along the coordinate axes. The coupling strength is active only over the region of
phase space of the response system within the red colored box indicating the intersection of the
components ∆z and ∆y of the vector ∆ along the corresponding axis.
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FIG. 5: (Color Online) Chua’s circuit system: (a) 3D plot indicating the variation of λ⊥max with
the orientation of clipping width θ and clipping fraction ∆
′
; (b) Variation of the effectiveness of
clipping fraction S(θ) with orientation of clipping width θ indicating symmetry of the curve about
the angle θ = π/2. The optimal directions of clipping exists in the range 0.1667π ≤ θ∗ ≤ 0.3111π
and 0.6889π ≤ θ∗ ≤ 0.8333π, respectively.
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FIG. 6: (Color Online) Chua’s circuit system: Variation of λ⊥max with clipping fraction (∆
′
) for
different orientations of the clipping width θ with the couping strength fixed at ǫ = 5. Variation of
λ⊥max with ∆
′
for (a) θ = 0 i.e. z-coupling, indicates stable synchronization in the range 0.6766 ≤
∆
′
≤ 0.931; (b) (a) θ = π/2 i.e. y-coupling, indicates stable synchronization for ∆
′
≥ 0.4468; (c)
Optimal direction of clipping width θ∗ = π/4 indicates stable synchronization for ∆
′
≥ 0.3295; (d)
Parameter regions for stable synchronization (gray colored) in the ∆
′
− ǫ plane.
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